A numerical study of the coupling of elastic and transformation fields in pore arrays in shape memory alloy plates to advance porous structure design and optimization Abstract A three-dimensional constitutive model for shape memory alloy (SMA) behaviors, implemented in an Abaqus user material subroutine, was used to examine localization of elastic and phase transformation fields due to the presence of structured arrays of holes in a NiTi plate. Simulations of the superelastic responses of these structures are presented and compared with a monolithic specimen. Localization of elastic fields is quantified by examining maximum von Mises stress values, transformation heterogeneities are observed through distributions of martensite volume fraction at different time steps of the simulations, and maximum principal strain values in the specimens show the combined effect of transformation and elasticity. The results provide fundamental understanding of the role of individual and coupling of individual pores in SMA structures and demonstrate the need for 3D modeling to optimize structure performance.
Motivation
Shape memory alloys (SMAs) are currently used in many fields including aerospace and biomedical engineering [1] [2] [3] [4] . Their unique properties allow for remote deployment [2] , actuation [4] and sensing [3] capabilities, which enable applications that are not possible with other materials. These unique capabilities are made possible by the ability of the alloys to endure and recover large deformations via solid-state phase transformation. In this paper, we simulate superelasticity, a shape memory behavior in which a large strain arising from a stress-induced phase transformation from an austenite to a martensite phase upon loading is recovered through reversal of the phase transformation upon 1 Present address: Mechanical Engineering, Colorado School of Mines, Golden, CO 80401, USA.
unloading [5] . If the material is non-proportionally loaded while in the martensite (high-stress) phase, it will experience a reorientation of the inelastic transformation strain due to change of the martensite structure in response to the change in applied load direction. We choose a model with the ability to simulate this phenomenon in the present study. Subsequent to reorientation, as in the case without reorientation, phase transformation during unloading takes the newly oriented martensite directly to the original austenite, assuming that no plastic deformation has occurred.
In recent decades, there has been an increasing interest in porous SMAs, as the mechanics of porous structures combined with the material behaviors of SMAs allow for additional beneficial properties beyond those of porous structures or SMAs in isolation [6] [7] [8] . For example, NiTi foams provide high strength, superelasticity, and tailorable stiffness combined with the ability for bone tissue ingrowth and vascularization when used as bone implants [7] . It has also been found that porous structures exhibit superior energy dissipation capacity in shock absorbing devices, and SMA foams are expected to display a similar damping behavior [9] . Novel processing techniques have been developed for creating various types of porous SMA [10] . These types include amorphously porous foams as well as NiTi with architectured arrays of micro-channels [11, 12] . The latter technology allows for full design and optimization of the porous structures. In studying fully porous SMA specimens through combined empirical and numerical approaches [11] [12] [13] , the mechanics of structures of different types and volume fractions of porosity have been documented. Studies have also elucidated the behavior of elastic and transformation fields about single holes, or pores, in SMA plates [14, 15] . The ability to design and optimize porous structures, however, requires understanding and validation of the coupling mechanics that bridge these two extremes of single pore and fully porous structures. It is difficult to attain this understanding in studying fully porous structures due to the high number of degrees of freedom of coupling between pores.
Therefore, in this paper, we create several models of SMA structures that are simplified relative to the true porous structures being developed for applications. Specifically, we perform a systematic numerical study of elastic and transformation fields about a single pore in a plate, as well as different configurations of two-and four-pore arrays, and we simulate their response using finite elements to study the isolated and coupled mechanics of elastic and transformation fields. The Stebner-Brinson constitutive model [16] is used for the simulation of SMA behavior. This model has been empirically validated in its ability to simulate the mechanics of single holes in SMA plates [14] . It is an improved incarnation of the Panico-Brinson model, which has been validated in its ability to simulate the macroscopic behavior of fully porous structures [8, 17] . As mentioned earlier, the model has the ability to simulate the macroscopic response of reorientation of martensite. This ability is critical to our study due to the non-uniaxial, non-proportional development of stress fields near the pores, even though the specimen as a whole is subjected to proportional uniaxial loading. Hence we proceed with a brief review of the model in section 2; the simulation details are given in section 3; simulation results are presented in section 4; and findings are discussed in section 5.
Stebner-Brinson model
The Abaqus VUMAT [18] used in this study is a numerical implementation [16] of a three-dimensional SMA constitutive model that simulates elastic deformation, phase transformation, and reorientation [19] . As such, the strain is composed of two parts: elastic (subscript e) and transformation (subscript tr) strain. The transformation strain is further partitioned into orientation (subscript σ ) and reorientation (subscript re) parts:
The evolution of phase transformation and inelastic strains is governed by two internal variables, ξ σ and ξ SA , which respectively represent volume fraction of oriented and self-accommodated (subscript SA) martensite. They are driven by the control variables total strain ε and absolute temperature T. As such, the model is formulated as an expression of the Helmholtz free energy, which is examined through the Clausius-Duhem inequality together with assumed evolution laws to derive driving forces and Kuhn-Tucker conditions used to solve the constitutive model [16, 19] .
The driving forces (X) are written
The evolution equations arė
Limit functions (F) (including kinetic relations) are expressed as
The Kuhn-Tucker conditions are stated as
where α = σ, re, SA.
Regarding the kinetic relations, Y re , the dissipation required for reorientation to occur is assumed to be constant, and
where ρ is the material density, σ is the deviatoric stress, η 0 andũ 0 are the entropy and energy differences of the two phases per unit volume, H σ is the hardening coefficient of phase transformation, ε max is the maximum uniaxial transformation strain, andλ α (α = σ, re, SA) are positive Lagrange multipliers. Moreover, the McCauley brackets are also introduced to calculate the positive part of the argument, i.e., x = 1/2(x + |x|). A bold font denotes a second order tensor; a double underline is used to indicate a fourth order 
and takes the form
with N(ε tr ) = ε tr / ε tr the normalized inelastic strain and I the fourth order identity deviatoric operator. In addition, C f , A r and C r are coefficients that describe the kinetics of forward and reverse transformation. M 0 s , M 0 f , A 0 s and A 0 f are stress-free transformation temperatures for martensite and austenite respectively. c r and Y r T0 are model parameters relate to transformation temperature and specific entropy. c M is a transformation temperature-applied stress scaling factor, and σ is the equivalent von Mises stress. The complete model description as well as the numerical solution algorithm used in the VUMAT is documented in [16] .
Simulation details
The material properties and kinetic tuning parameters used in the simulations are listed in table 1. These are not calibrated to a specific shape memory alloy, but are plausible for commercially available NiTi [16, 21] .
Finite element (FE) models were created in Abaqus, as depicted in figure 1. Because we are studying plates, and only introducing pores through the thickness of the plates, we choose to assume the through-thickness deformations are uniform and adopt 2D plane-stress simulations. Rectangular plates 25 mm wide by 3 mm tall are modeled. Abaqus assumes unit thickness for plane-stress elements, thus the analogous 3D model dimensions become 25 mm × 3 mm × 1 mm. Unique arrays of 0.5 mm diameter pores are placed in the center region of the plates. The plates are fixed in all degrees of freedom at one end, and subjected to axial displacement control extension of 1 mm at a rate of 0.1 mm s −1 at the other end. The resulting global strain is 4%, which is less than the 5% maximum transformation strain of the material (ε max in table 1). However, near pores, the transformation strain will be observed to saturate due to localization mechanics (further discussed in section 5). Simulations were carried out at 300 K, which is greater than the austenite finish temperature (288 K, see table 1), hence superelastic behavior will be observed.
A non-uniform mesh of four-node plane-stress elements (CPS4R) was created to be coarse away from pores and fine near the pores. In the results presented here, 30 nodes are seeded around each pore as shown in figure 1 . A mesh refinement study was performed to ensure converged solutions using the same model with 200 nodes around the pore. The percentage of difference in the maximum strain solution around the pore using 30 nodes as opposed to 200 nodes agrees to within 2%.
Results

Monolithic model
We first studied the model of a monolithic NiTi plate to generate a pore-free baseline solution for the study. Figure 2 shows the maximum axial and transverse stress distributions in the model, and figure 3 the maximum principal true strain distribution. As expected, these distributions are uniform, with the exception of the area near the clamped boundary (left), which we will discuss in more detail in section 5. Figure 4 reveals the oriented martensitic volume fraction evolution. Here the color scale ranges from zero (blue, austenite) to one (red, martensite). Again, except for very near the clamped boundary, a complete transformation process from austenite to oriented martensite is observed. In table 2, the maximum stress (∼400 MPa) and principal strain (∼4.3%) in the sample gage, neglecting the clamped boundary effects, are indicated. In table 3, the area fraction of material (∼2.8%) experiencing a von Mises stress in excess of the maximum stress in the gage is documented.
Single pore model
The maximum axial and transverse stress distribution and maximum principal true strain of the single-pore model are displayed in figures 5 and 6. Note that large axial stress distribution is very localized, while strains are quite diffuse. In examining the transformation process (figure 7), there is fast transformation at the pore, while slow, uniform transformation is observed away from the pore. In table 2, the maximum stress and strain near the pore are listed for this specimen as well as all subsequently presented specimens; the percent differences between these values relative to the monolithic solution are also tabulated. As for the monolithic specimen, table 3 quantifies the percent of the specimen area that experiences a von Mises stress greater than the monolithic gage stress at maximum load. For comparison, the analytic elasticity solution of an infinite plate with a single pore in the center is also reviewed (see figure 8, [22] ). Specifically, on the top and bottom edges of the pore the maximum tensile stress is three times greater than the far field stress, but at the left and right edges of the pore the material experiences compressive stress equal in magnitude but transverse to the applied load. We will make the comparison between the analytic elastic solution and our elastic-transformation simulation in section 5.
Two-pore model
In figures 9 and 10, the maximum axial and transverse stress and maximum principal true strain distributions of the two-pore model are presented. It is seen that, at maximum load, the patterns of the axial stress fields (figure 9) are not significantly different from the superposition of two single-pore stress fields at the scale used to create the contour (figure 5). However, there is clearly coupling between the pores in examining in the transverse stress fields (figure 9) as well as the maximum principal strain field (figure 10). In figure 11 , snapshots of the oriented martensite distribution are shown, in addition to snapshots of the other geometries. These will be compared and discussed in section 5.
2 × 2 pore array
Locally in the gage, this geometry matches the real porosity of materials being created for applications (usually between 30% and 50% [23] ). While the coupling of axial stress fields is not obvious (figure 12), the transverse stress fields ( figure 12 ) and maximum principal strain fields again depict the interacting structural effects of the pores ( figure 13 ). 
4 × 1 pore array
For comparison, we also studied a model with four pores along the length instead of four clustered in a 2 × 2 array at the center of the gage. In this case, except for at the very end of the specimen, the stress and strain responses (figures 14 and 15) of the gage are very close to the superposition of the results of four single pores (figures 5 and 6).
Discussion
As stated in the introduction, the primary motivation of the study was to understand the mechanics of elastic and transformation fields coupling between and around individual holes within plates. Understanding and validation of the interplay between the material and structural mechanics in these simple models will advance the ability to design and optimize fully porous SMA structures. Thus we proceed to consider the ramifications of our results in this regard.
Qualitative expectations arising from St Venant's principle
In all the above models, it is observed that both at the clamped boundary and near the pores, the material exhibited different behaviors relative to the defect and boundary free gage of the monolithic specimen. This difference in behavior is expected from St Venant's principle [24] . However, our model did not exactly follow the classical elasticity solution for a pore in a plate that we reviewed in section 4.2 and figure 8. Deviation from the analytic solution is primarily due to two factors: first, the modeled plate is not an infinitely large plate; second, and more significantly, the material constitutive law is not purely elastic. Differences between classical elasticity solutions and elastic plus transformation responses about defects are discussed in further detail in [14] . Figure 11 reveals that, once initiated, the transformation proceeds relatively homogeneously in the gage areas away from defects, but heterogeneously and more quickly around defects themselves. In considering the snapshots at ε = 1.6%, the role of defects in the transformation becomes clear. As the defects couple, as in the cases with four pores, initiation of transformation localizes to areas surrounding the defects and becomes less pronounced away from the holes-in fact, in the case of the 4 × 1 array at 1.6% global strain most of the material has not yet transformed, while in the monolithic sample nearly all of the material has begun to transform. This trend of increased heterogeneity with increasing number of defects continues throughout the loading. This is not a surprising result, but it is significant to consider in designing porous SMA, or other SMA structures, as we further discuss in section 6. Table 2 is a comparison of maximum von Mises stresses and principal strains in the center gage sections of the specimens, ignoring the clamped boundary effects. For the monolithic sample the stress and strain are the smallest since it lacks defects, while the single-pore model shows the largest maximum stress and strain. The two-and four-pore arrays show lower maximum stress and strain values than the single pore due to the interaction and better distribution of stress and strain fields. At the same time, the four-pore geometries result in larger maximum stress and strain values than the two-pore geometries, and the 4 × 1 geometry has larger values than the 2 × 2 geometry. This result indicates that it is not simply the addition of defects, but also their configuration, that is critical to optimizing the load distribution within the SMA structure.
Comparison of phase transformation evolution
Comparison of stress, strain and localization
We also compare the percentage of the area of the materials that experience localization in table 3. We define localization as material that experiences a maximum von Mises stress greater than the maximum von Mises stress in the monolithic gage, and for the comparisons we report strain areas considering the entire specimen strain state. Thus, in observing the monolithic model, 2.8% of the material experiences localization because of the clamped boundary. The remainder of this table clearly shows a trend consistent with our observations of transformation in section 5.2: introducing more defects leads to greater localization of stresses and strains, hence transformation. However, comparison of the 2 × 2 and 4 × 1 arrays demonstrates that the configuration of the defects is also important, as the 4 × 1 array distributes the stress to a much larger percentage of the material in the specimen.
Conclusions
In this paper, finite element simulations of NiTi plates with arrays of holes were presented. Motivated by a deeper understanding of underlying structural-material coupling mechanisms of porous NiTi structures, the results documented the coupling of elastic and transformation fields about the arrays of holes. We note that there is one significant limitation to our study. The constitutive model we used here does not consider plasticity, though the maximum stress values (>1 GPa, see table 2) would clearly impart plastic deformation to our material, as the yield stress of polycrystalline SMAs is typically on the order of 1 GPa, with variations resulting from composition, processing, and material anisotropy. As a result of these findings, we have advanced the model used in this study to include plasticity [25, 26] . Thus, in future studies, this new constitutive model will be used to investigate the plasticity and the coupling of plastic zones in the material concurrent with transformation and elasticity. Still, these results considering only elasticity and transformation clearly demonstrate that localization of stresses and transformation may greatly alter the performance of the structures, especially if high cyclic life is desired. The results also indicate how the number and structure of pores may affect the stress, strain, and transformation behaviors of foam structures, and provide insight that may be used to advance and validate porous SMA design and optimization. Specifically, as the structures become more complicated, a validated 3D model becomes critical to the design process, as it provides the ability to optimize geometries for uniform distribution of load and transformation, which is not driven simply by the number of defects or structural members.
